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Abstract. We adapt a technique of nonsmooth critical point theory 
developed by Degiovanni-Zani for a semilinear problem involving the 
Laplacian to the the case of the p-Laplacian. We suppose only coer- 
civity conditions on the potential and impose no growth condition of 
the nonlinearitv. The coercivity is obtained using similar nonresonance 
conditions to |4]]] and to [^2j in two different results and using some 
comparison functions and comparison spaces in a third one. it is also 
shown that neither of the three theorems implies the two others. 
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1. Introduction 



The new nonsmooth trends in critical point theory dealing with continu- 
ous functionals on metric spaces [|l], |2|, ^, |j| brought important develop- 
ments, in particular in the abstract part of the theory |], [7|, ||, |], [ji], 11]. The 
reason is that the definition of the weak slope they use to measure regularity 
relies on a qualitative topological property on level sets which avoid us the 
technicalities of using pseudo-gradients to construct deformations. Hence, it 
is particularly useful to prove abstract critical point theorems. While con- 
sidering applications to boundary value problems would be, a priori, more 
delicate. This is natural because we would need some appropriate calculus 
and a new sense for weak solutions, weaker than the traditional one, strong 
enough to be useful and still with a practical relevance. Many early appli- 
cations of the nonsmooth theory to several problems in partial differential 
equations and variational inequalities where the functionals involved are not 
locally Lipschitz continuous were given g|, H 0» HI HI 0' HI' E01 13 
but this passes in general through a great deal of technicality. Recently, 
a specific subdifferential calculus has been developed by Campa and de- 
giovanni (l^, ^TJ when the underlying space is normed and has been used 
successfully in applications where the Clarke's subdifferential is in general 

n, m m m, n n> m m\- 

i 



inappropriate 
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In the present paper, we use a general approach that combines the basic 
ideas of variational methods with these new developments and study non- 
resonance under the first eigenvalue for a strongly nonlinear elliptic problem 
involving the p-Laplacian operator where no growth condition is supposed. 
The strategy followed can be described by the following scheme: 

1. Give an acceptable definition of a weak solution to the problem to be 
treated by changing the traditional space Gg°(f2) of test functions by 
an other dense subspace of Wq' p (Q). 

2. Show that a critical point is a weak solution in the sense of the previous 
point with the help of a minimum of assumptions. 

3. Prove the effective existence of a critical point for the nonsmooth the- 
ory by one of the available abstract theorems for our specific nonlinear 
problem. 

The first two points are general and may be used with different boundary 



value problems. We could trace their origin to the papers |3T], |3^]. But 



they are more visible in [22] where the authors have successfully tried a 
nonsmooth variational approach for a coercive semilinear problem with the 
Laplacian operator. Nevertheless, these are general and may be used for 
different boundary value problems with other geometries as in the situation 
of linking results. 

2. Situating the problem 

We recall the definition of regularity in the sense of Degiovanni-Marzocchi Q 
and Katriel || and the key properties of the subdifferential calculus devel- 



oped for by Campa-Degiovanni [|2l|, 19] we will use in the sequel. 



Let (E, d) be a metric space, / : £-tla function and denote the ball of 
center u and radius a by B(u, a) and the epigraph of / by 

epi(/) = {(u,A) GExR; f(u) < A}. 

Consider epi (/) as a subspace of the metric space E x IR for the metric 
dist((u,A),K,A')) = (dist (u,u') 2 + (A'- A) 2 ) 1/2 . 

Definition 1. A point u G E such that f(u) G R is 5 -regular for a 5 > 0, if 
there exists a > and a continuous deformation v : {B a {u, f(u)) Plepi (/)) x 
[0, a] -> E such that for all (u>, A) G B(u, f(u)) n epi (/) and all t G [0, a]: 

dist (v((uj, fj,), t), w) < t and f(v((w,t),t))<fj, — 5t. 

The point u is regular if there exists 5 > such that u is 5-regular and it is 
critical if it is not regular. 

When / is continuous, this definition may be simplified to the following 
form. 

Definition 2. Let / : E — > M. be a continuous function. A point u G E is 
5-regular if there exists a continuous deformation rj: [0, a] x B(u,a) — > E 
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such that for all (t, u) G [0, a] x B(u,a): 

dist (i](t, u), u) < t and f(u) — f(n(t,u))>8t. 

The regularity of u is evaluated by a generalized notion of the norm of 
the derivative called by Degiovanni-Marzocchi and Katriel respectively weak 
slope and regularity constant of / at u: 

\df\{u) = sup {5 > 0; u is 5 — regular}, 

which reduces to when / is of class 6 . 

When u is a local minimum of /, it is a critical point, i.e., \df\(u) = 0. 
And when / satisfies the geometric conditions of the mountain pass theorem 
of Ambrosetti-Rabinowitz 33], and an appropriate form of the Palais-Smale 
condition, it has a critical point whose value is characterized by the usual 
inf max argument (cf. [^, [J). 

When A is a normed space. 

Definition 3. For any u G A such that f{u) G M, v G X and e > 0, we 
define f®(u;v) as the infimum of r G M. such that there exists 5 > and a 
continuous mapping 

v. (B 5 {u,f(u))ne V i(f))x]0,d}^B £ (v) 

satisfying 

f(w + tu((w, fi),t)) < fi + rt 
for all (w,n) G B s (u,f(u)) n epi (/) and i E]0,<5]. 
Define also 

f°(u;v) = sup/ £ °(u;u). 

£>0 

The function f°(u; .) is convex, lower semicontinuous (l.s.c.) and posi- 
tively homogeneous of degree 1 (cf. pi]]). 



Definition 4. For all u G A such that /(x) G M, we set 

= {a G A*; (a,u) < f°(u;v) Vw G A}. 

The real f°(u; v) is larger than the Clarke-Rockafellar generalized directional 
derivative. Hence, df(u) contains the Clarke's subdifferential of / at u 
which may be empty when df(u) is not, as we can see for example for 
f(u) = u — y/\u\ at u = (there |d/|(0) = 0). Nevertheless they agree when 
/ is locally Lipschitz. The notions f°(u;v) and df(u) have been introduced 
in |2l], |l9| and are more adapted to use with the weak slope of Degiovanni- 
Marzocchi. 

Proposition 1. If u G A is such that f{u) G R, then 

(a) \df\(u) < +oo df(u) / 0. 

(b) \df\\u) < +oo \df\(u) > min{||a||; a G df(u)}. 



Remark 1. Examples where (b) is strict exist. 
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Proposition 2. When u € X is such that f(u) € R and g: X — > R is Lip- 

schitz continuous, then 

d(f + g)(u)cd(f)(u)+d(g)(u). 
If moreover, g is of class C , we have equality and dg(u) = {g'(u)}. 

To illustrate the abstract approach, we will study nonresonance under the 
first eigenvalue for a strongly nonlinear elliptic problem for the p-Laplacian 
operator as in p3|. The former reference contains improvements to some re- 
sults in J3l| adapting the contents of [32] to the case of the p-Laplacian. Both 



results might be adapted to a nonsmooth variational context. Degiovanni- 
Zani adapted their results of in p2[ . We will do the same, by analogy to 
p2[ to the results of [34] extending |22|] to the case where p may be different 



from 2. 

The usual norm of W ' P (Q) will be denoted the Lebesgue measure 

of a set A is \ A\ while B(x, p) = B p (x) is the open ball of center x and radius 
p. The notation m' stands for the conjugate of m, i.e. 1/m + 1/m' = 1. 

The problem to be treated is: 



(?) 



-A p u = f(x, u) + h in Q 
u = on dO, 



where O is a bounded domain of R^, A p : W 1,p (O) -» W' 1 ^' (Q) is the 
p-Laplacian operator defined by 

-A p u = div (|Vu| p ~ 2 Vn) , 1 < p < oo. 

The p-Laplacian is a degenerated quasilinear elliptic operator that reduces 
to the classical Laplacian if p = 2. The notation (.,.} stands hereafter for 
the duality pairing between W' 1 ^ (Q) and Wq' p {CI). While /:Oxl^l 
is a Caratheodory function and h G W~ 1,p (ft). 

Consider the energy functional <3?: W ' p (£l) — > R associated to the prob- 
lem 



= - / \X7u\ p dx -IF 
P Jn Jn 



(x, u) dx — (h, u), 



where F(x, s) = f(x, t) dt. We are interested in conditions to be imposed 
on the nonlinearity / in order that problem (7) admits at least one solution 
u(x) for any given h{x). Such conditions are usually called nonresonance 
conditions. 

When the nonlinearity satisfies a growth condition of the type: 
(2.1) \f{x,s)\ < ajsf 9-1 + b(x) for all s G R, and a.e. in Q, 

with q < p* where the Sobolev exponent p* = j^zz when p < N and 

p* = +oo when p > N and b(x) G L^ p *^' (Q), the functional $ is well defined, 
of class C 1 , l.s.c. and its critical points are weak solutions of (IP) in the usual 
sense. 
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But when this growth condition is not satisfied, is not necessarily of 
class C 1 on Wq' p (^) and may take infinite values. 

The first eigenvalue of the p-Laplacian characterized by the variational 
formulation 

Ax = Ai(-Ap) = min { & |V ^ dx; u E W^ p (fl) \ {0} 
I Jn \ u \ 

is known (cf. for example) to be associated to a simple eigenfunction 
that does not change sign. We will denote by cp% the normalized eigenfunc- 
tion such that (fx > almost everywhere. 

A procedure used to treat (7) when the nonlinearity lies asymptotically 
on the left of Ai consists in supposing a "coercivity" condition on F of the 
type: 

p F '(x , 5) 

(2.2) limsup — j— p — < Ai for almost every x € £1 

and minimizing <I> on Wq ,p (Q). The minimum being a weak solution of (7) 



in an appropriate sense (cf. |3^, ^2], Q ) . 



An other way, is to obtain a priori estimates on the solutions of some 
equations approximating (IP) and to show that their weak limit is indeed a 
weak solution. 

Notice that with the help of the conditions ( |2.1| ) and (|2.2j), we know 
since the work of Hammerstein (1930) that (7) admits a weak solution that 
minimizes the functional $ on Wq' p (Q). 

The condition ( |2.2D does not imply a growth condition on / unless f(x,u) 
is convex in u (see for example |3(| |37|). 



In [31], Anane and Gossez supposed only a one-sided growth condition 
with respect to the Sobolev (conjugate) exponent that do not suffice to 
guarantee the differentiability of which may even take infinite values. 
Nevertheless, they showed that any minimum of $ solves (T) in a suitable 
sense. 

Then, Degiovanni-Zani |3^] in the case p = 2 and Chakrone in [34| for 
1 < p < 00 supposed only that / maps L°°(Q) to L 1 (J7): 

(2.3) sup|/(., S )|GLL(0), Vi?>0 

|s|<R 



and a coercivity condition of the type ( |2.2| ). They proved that any minimum 
u of $, which is not of class C 1 on W^'^fi) and may take infinite values too, 
is a weak solution of (T) in the sense 

/ \Vu\ p ~ 2 VuVvdx = / f(x,u)vdx + {h,v), 
Jn Jn 

for v in a dense subspace of W<j' p (f2). Recently, in 1998 Degiovanni and 
Zani adapted their technique of |33] for the Laplacian operator {p = 2) to 



a nonsmooth analytical context in |22]. We will do here the same with the 
results of |J4| for the p-Laplacian (1 < p < 00) 
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In the autonomous case f(x,s) = f(s), De Figueiredo and Gossez |3q ] 
have proved the existence of solutions for any h G L°°(f2) by a topological 
method. They supposed only a coercivity condition and established that 



\Vu\ p - 2 VuVv dx 



f(x, u)v dx + (h, v) 



for all v G W c ] ,p (n)nL°°(Q)U{u} but the solution obtained may not minimize 
<3?. Indeed, an example is given in [38] in the case p = 2 and an other one is 
given in |?4| where p may be different from 2. 

Notice that in our case, the condition (^^) implies no growth condition 
on / as it may be seen in the following example from [51]. 



Example 1. Consider the function 



d(x) 



8111 



/7rs\ sign(s) 



V 2 



exp 



' 2cos(f) | |aj 



7T 



d(x)-(Ws 2 



9) 



if \s\ > 1 
if |s| < 1 



where d(x) G Lj oc (Q) and d(x) > almost everywhere in Q,, so that 



F(x,s) 



'2cos(f) 



7T 



-d(x) exp 
-d(x)j(-5s 2 + 9) 



exp 



if |s| > 1 



if |s| < 1 



Then, F(x, s) < for all s G M almost everywhere in fi. So, $ is coercive. 
Nevertheless, as we can check easily, / satisfies no growth condition. 

3. Theoretical approach 



We will show that when ( |2.3[) is fulfilled, a critical point in the sense of 
Degiovanni-Marzocchi Q, is a weak solution of (T) in an acceptable sense. 

Definition 5. For 1 < p < oo, the space Lq({1) is defined by: 

Lq = G Lq; = a.e. outside a compact subset of Q}. 

Consider u G ^ 1,p (O), we set 

K = {v G Wlf c ; u G G 0; «(x) + 0})}. 



Proposition 3 (Brezis-Browder |39|). If u £ W 1,p (f2), i/iere exists a se- 
quence (ii n ) n C Wo' p (f2) smc/i £/ia£: 

0) K)„c Wo 1,p (fi)nL8°(n). 

(ii) |w n (x)| < \u(x)\ and u n (x) .u(x) > a.e. inVL. 

(iii) u n —> n ^oo u in W^ P (Q). 

The linear space V u enjoys some nice properties. The next proposition 
that refines in some sense the former one is due to [32] when p = 2. 
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Proposition 4 (Chakro ne The space V u is dense in Wq' p (Q). And if 

we suppose suppose that ( |2.3|) holds, then 

A u = {<p G W 1,p (n); G L x (n)} 

zs a dense subspace o/W^' p (fi) as C A M . More precisely, Brezis-Browder's 
result holds true if we replace W ' p (fl) n Lg°(f2) 6y 

Proof. It suffices to show that V u is dense in Wq' p (^) and that V u C A u 
when (O) holds. 



1. The density of V u in W 1,p (O): 

We have to show that for any ip G Wq' p (0), there exists a sequence {<p n ) n C 
satisfying (ii) and (hi). This is done in two steps. First, we show it is 
true for all p G W^ p {a) n Lg°(«). Then, using Proposition ||| we show it is 
true in W 1,p (n). 

First Step: Suppose tp G Wq ,p (0) n Lg°(Q) and consider a sequence 
(0 n )n C Cg°(R) such that: 

(1) supp n C [-n,n], 

(2) = 1 on [-n+ l,n - 1], 

(3) < 6 n < 1 on R and 

(4) |e / B («)|<2. 

The sequence we are looking for is obtained by setting 
Pn(x) = (© ° u)(x)ip{x) for a.e. x in fi. 

Indeed, let's check the following three points 

(a) ip n G V u , 

(b) |</? n (x)| < |</?(x)| and p n (x)p(x) > a.e. in Q and 

(c) ip n -> in W 1,p (fi). 

For (a), since </? G Lg°(fi), we have that G Lq°(J)) and it's clear by (4) 
that <p n G Wq' p (£1). Finally, by (1), u(x) G [— n,n) for a.e. x in {x G 
0; <^ n (x) 7^ 0}. 

The assumption (b) is a consequence of (3). 

For (c), by (2), p n {x) — > <£>(x) a.e. in Q and 



CJX j X j CJX j 



dp 
dxi 



in Q,. 



And by (4), 



dxi 



x) 



< 



du 
dxi 



\<p{x)\ + 



dip 
dxi 



(x) 



G L p (0). 



Finally, by the dominated convergence theorem we get (c). 

Second Step: Suppose that ip G W ' P (Q). By Proposition ^, there is a 
sequence (ifi n )n C IF ' p (f2) satisfying (i), (ii) and (hi). 

For & = 1,2, ... , there is n& G N such that \\ipn k — <p\\i,p < 1/^- Since 
V'nfe £ Wo' P (^) ^ ^o°(^)> W the ^ rs ^ step, there is ^ S K such that 
1^(^)1 < lV , n fc (^)| and (pk{x)ip nk {x) > almost everywhere in fi and \\pk — 
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VViJIi.p < so that is the sequence we are seeking. Indeed, 

\(Pk(x)\ < iV'nJ^)! < \<p(x)l <Pk(%)<P(%) > a.e. in O and - v^(^) I < 
I l^fc — VVi fc 1 1 l,p + ||^n*-y(a;)||ij > <2/k. 

The inclusion V u C A u : 

Indeed, for tp G V u , set E 1 = € f2; ip(x) ^ 0} so that 

\f(x,u)<p\ =\f(x,u)xE<f(x)\ 

< max {\f(x,s)cp(x)\;\s\ < \\u\\ L oo^} 

where xe is the characteristic function of the set E. 

By ( |2.3D , the last term lies to L 1 (r2), so that ip G A u . □ 

So, we have that 



(3.1) 



Au = sup ij f(x, u)v dx; v G A u , ||u||i lP < 1 j = 
supjy f(x,u)vdx; v €V u ,\\v\\i >p <l\ 



Definition 6. Consider u G W/ ' 6 p (ft), we say that f(x,u) G ^"^'(H) if 

An < +oo. 

Then, the mapping T: V u — > R defined by 

T iv) = / f(x,u)(pdx 



Jn 

is linear, continuous and admits an extension T to the whole space Wq ,p {£1). 
Henceforth, we will make the identification f(x,u) = T; this justifies the 
terminology of Definition |(| 

Definition 7 (Weak solution). A point u G Wq' p (Q) is a weak solution of 
(IP) if f(x,u) G W^'P'in) (in the sense of Definition ^) and (J 5 ) is satisfied 
in W- % * ' (n). 

In particular, we would have 

/ |Vu| p_2 VuVt> dx = / f(x,u)vdx + (h,v), Vv G A u . 
Jn Jn 



According to the conventions of [^] , adopted also in |22[ , we will consider 
that by definition 

/ F(x,u) + dx = / F(x, u)~ dx = +oo implies that / F(x, u) dx = oo. 
Jn Jn Jn 

And since the definition of the functional $ contains the term J n F(x, u) dx, 
the above convention has to be considered for — F. 
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Theorem 5. Let u G W 1,p (fi) such that $f(u) = J Q F(x,u)dx G R, then 

(a) For any v G W ' p (f2) such that f(x,u)v G L (O), we /lave 

\E f ° («;-(;)< / f(x,u)vdx. 
Jn 

This is true in particular for all v G V^. 

(b) IfdV(u) ^ 0, then f(x,u) G W -1 ^^) and = {f(x,u)}. 

Proof, (a) We will prove that the assertion holds for all v G V u in a first 
step and then, for all u G A u in a second step. 
1 st step: 

Consider v G Kt> £ > 0, R > and 



r > f{x, u)v dx. 
Jn 

Consider also a smooth function ®r: R — > [0,1] with support in [— 2R, 2R] 
such that R (s) = 1 in [-R,R] and |6^(s)| < 2/i2 in R. For i? large 
enough, we have \\Q R (u)v — v\\i tP < e and 



r> f(x,u)Q(u)vdx. 
Jn 

Affirmation: 

/" F(x, to + t@ R (w)v) - F(x, w) f 
hm / dx = / t (x , u)<d r(u)v dx . 

£$Ja t Jn ' K 1 

Indeed, consider (wh)h such that Wh — > u in iy ' p (O) and such that 

t/j — > + . Without loss of generality, we may suppose that Wh(x) — > u(x) 
almost everywhere and that < 1. It follows that 

lim F(x, Wfe + t fe e fi K),)-F(x, Wfe) = u)Qr{u)v a e . n ^ 

On the other hand, for almost every x in f2, there exists g]0, th[ such that 

^(aj^ft + thefl^h)!;) -F(x,w h ) . , . . . , 
— = \f{x,w h + t h e R (w h )v)\ \v\@ R (w h ) 

< (sup| s |< T \f{x,s)\j \v\ 

where T = 2R+\\v\\ oa . The affirmation follows then from ( p.3|) and Lebesgue's 
dominated convergence theorem. 

Therefore, there exists 5 > such that for any w G Wq' p (Q) satisfying 
1 \ w — v \ \i,p < $ an d < t < 5 we have 

\\@ R (w)v - v\\i )P < e, 
F(x, w + t@ R (w)v ) — F{x,w) G L 1 (S1), 

and 

-Ffx, to + tQ R (w)v) — Fix, w) , 
ax < r. 

n * 
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Consider now the continuous function v. (Bg(u,^(u)) n epi (\I/))x]0, 6] — > 
B £ (v) denned by u((w,fj,),t) = Qr(w)v. 

We have that fy(w + tv((w, fj,), t)) = — oo if and only if ^f(uu) = — oo and 
^f(w + tv((w, fi),t)) < + rt < fj, + rt. 

Therefore, ^f°(u;v) < r. Since e has been taken arbitrary, we have 
W°(u;v) < r. 

And since r G R has been also taken arbitrary, we get (a) for all v G V u . 
2 nd step: 

Let v G Wq' p such that f(x,u)v G L 1 (r2), i.e u G A u . By Proposition ^, 
there exists (u n ) n C 14 such that v n — > t> in Wq' p (Q). We can suppose that 
v n ^ v almost everywhere, 

\f(x,u)v n \ < \f(x,u)v\ and f(x,u)v n -> f(x,u)v a.e. . 

By the dominated convergence theorem, we have then 

lim / f(x,u)v n dx= / f(x,u)vdx. 
h Jn Jn 

And since ^(u; .) is l.s.c, the assertion (a) holds true for all v G A u . 

(b) Let a G dW(u). Suppose that v G Wq P (0,) and that f(x,u)v G ^(fi), 

then 

(a, < ty°(u; v ) < / f(x,u)vdx. 
Jn 

As we can change in the above inequality v by —v, it follows that (a, v) = 
//(»,.),*, so /(,,.) 6 wr-'y (n) and „ = /(,,„). □ 

So, we get as an immediate consequence of Propositions |l] and |2| and 
Theorem [|, the following result. 

Theorem 6. Ifu G |' p (ft) is a critical point of $ in f/ie sense of Degiovanni- 
Marzocchi such that ty(u) G R, f/ien u is a weak solution of the problem (0 3 ). 



4. Coercive problems 



We will see now in an analogous approach to 22] some conditions due 
to [34 1 that guarantee the existence of a global minimum u of $ in WQ 1,p (f2) 
and such that ty(u) G R and hence are exactly what we need. Three results 
are obtained using similar nonresonance conditions respectively to Mawhin- 



Ward-Willem [41] and to Landesman-Lazer [42] in the two first ones and 
using some comparison functions and comparison spaces in the third. The 
three theorems are shown to be incomparable. 

Set G(x,s) = F(x,s) — Xi\s\ p /p. The conditions will port on G(x, s)/\s\ a 
for 1 < a < p. Anane and Gossez introduced in [31] some comparison 
functions and comparison spaces. Other ones are used here. 



A NONSMOOTH VARIATIONAL APPROACH 



11 



Definition 8. A continuous even function <p : R — > R + is called a compari- 
son function of order a, where 1 < a < p if 

(i) - — * when s — > +oo. 
I s l p 

/■■\ ^( S ) 1 

(ill -;— : > +oo when s — > +oo. 

\s\ 

(iii) ^ — > r a when — — > r > 0, s n — > oo and t n — > oo. 

(iv) For all > a, there exist £q, a and b such that 

< a\sf + b forall £ > £ and all s > 0. 



V( ts ) ^ ..1.1/3 



Example 2. 

a) </?(s) = 1 < a < p. 

b) = TTT' 1 < « < P- 

I 1°§ l s l I 

c) (p(s) = \s\ a \ log |s| , 1 < a < p. 



Definition 9. Let 1 < a < p. We denote by X a the set of all measurable 
functions r](x) on Q satisfying: 

(i) rj(x) € L x (0) if p = JV. 

(ii) r](x) G L q (VL) for some g > 1 if p = N. 

(iii) r;(x) € L q {Vt) for some g > (p*/a)' if p < TV. 

The set Yq, is defined the same way as X a except that it is required that 
rj(x) 6l^/ a )'(fl) ifp<iV. 

For a comparison function 93 of order a, 1 < a < p, we denote by 

G(x s) 

G=(x) = lim sup t^t— for almost every 

If <p(s) = \s\ a , we write only 

Gj(z)=G£(x) 
Consider now a slightly stronger condition than ( |2,3| ), 

(/o) sup a 1 ^), Vi?>0 

|*|<-R 

We have then the following coercivity results for the problem (0 3 ): 

Theorem 7. Suppose (/o), 
(Gi) G± < a.e. in n, 

(G[) \{x en- G+ < 0}| ^ and \{x G O; G~ < 0}| ^ 0. 

Then, achieves its minimum in a point u in W ' p (n) and G R. And 
hence u is a weak solution of (T). 
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Theorem 8. Suppose (fo), 

(G3) Gf < 77 a.e. uniformly in fi for some rj G Yi, and 

(g' 3 ) ; n Gr(x)^(x) < (h,^) <-f n Gt(x)vi(x). 

Then, the conclusion of Theorem [?| holds. 

Theorem 9. Suppose that (p is a comparison function of order a, 1 < a < 
p. Suppose also that (/o) holds and 

(G2) G^ < rj a.e. uniformly in for some n G X a , and 

(G> 2 ) j n G^(x){ Vl (x)r < and J n G~(x)( Vl (x)r < 0. 
Then, the conclusion of Theorem [?| holds. 

The proofs of the three theorems use the same technique. To give the best 
idea on the role played by comparison spaces and functions, we will prove 
Theorem ||. We begin first by some properties of X Q and tp in the following 
lemma. 

Lemma 10. Consider n\(x) G X a , u G Wq' p (£1) and a sequence (u n ) n C 
W 1,p (fi) then 

(a) ni(x)ip{u{x)) G L^O). 

(b) If u n — 1 u in Wq ,p (Q), then rii{x)<p(u n ) — > rji{x)(f(u) in L 1 {Q). 

(c) //|| ""nlli.p ~~ ► +00 and v n — u n /\\u n \\i jP — ^ v in W ,p (£l) and almost 
everywhere in Q then rn(x)(p(u n ) /\\u n \\ p p — > in 



Proof of Lemma 11 . Consider only the case p < N (When p > N, the proof 
is immediate.) 

Consider q > (p*/a)' such that r]i(x) G L Q (ft), there is > a such 
that q > (p*/p)' > (p*/a)'. Set gi = 0q' and g: £1 x M -> R defined by 
g{x,s) = ni(x)(p(x). Then, 5 is a Caratheodory function and maps L 1 (f2) 
into L 1 (Q), which follows immediately from the property (iv) of tp. Since 
gi < p*, we have W ' p embeds compactly in L 9l (Q), hence we get (a), (b). 

The property (c) is a consequence of the properties (i) and (iv) of (p. □ 

Proof of Theorem The functional is well defined and takes its values in 
MU {+00}. Indeed, let e > 0, by (/ ) and (G 2 ), there is d £ {x) G L l (VL) such 
that 

(4.1) Fix, s) < —\s\ p + (nix) + e)ip(s) + d £ ix) a. e. in tt and Vs G R. 

P 

For u G W ' p (O,), we have 

(4.2) *(«)>! I (\Vu\P-^\u\A - [ ( Ve (x)<p(u(x))-d e (x))-(h,u) 

P Jn V P / Jn 

where n £ (x) = e + n(x) G X a . By the property (a) of Lemma [To|, we get the 
result. 



The functional $ is w.l.s.c, it suffices to use fl4.l|) , the property (b) of 



Lemma |10| and Fatou's lemma. $ is also coercive. Suppose by contradiction 
that there exists A G R, (u n ) n C W Q ' P (£T) such that ||ii n ||i,p — ► 00 and 
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&(un) < ^4 for all n G N. Set v ra = itn/||^n||i,p- We can suppose that 
v n v in Wq' p (£1), v n — > t> in L p (ft) and almost everywhere in ft. 
Affirmation 

f = f i or ?; = — 
Indeed, it suffices to divide ( [4.2D by |||wn|li p - Tending n — > oo and using 
the property (c) of Lemma we obtain > 1 — Ai f \v\ p , and hence 

IMI?, P <l<Ai J \v\ p < \\v\\l p . 

The affirmation is then a consequence of the variational characterization of 
(Ai, 4>\ ). Suppose that v = —tp (we get the same conclusion if v = (pi). 

Since jJ\Vu n \P - % J \u n \P > 0, then A > $(u n ) > - J G(x,u n ) - 
(h,u n ). Divide by ^(||u n ||), when n -> oo, since ||ii n ||/V(||u n ||) ^n^oo 
(property (ii) of <p) when n goes to oo, we get 

liminf / > o. 



By (4J.), the property (iv) of (p and Fatou's lemma, we obtain then 

G(x, \ \u n \\v n ) 



< / limsup- 

7n n ^(IKII) 

Since ^(N) = V 9 ( s )) an d by the property (iii) of (p we have for almost 
every x G ft that 

G(x, ||u„|K) G(x, ||iin||f„)^(||u„||v„) 
hm sup m — 1|- — = hm sup — n — -—- — ^ — 

n <P{\\Un\\) n ip(\\u n \\v n )(p(\\u n \\) 

<G-(x).( Vl (x)T. 

It follows that < j n G~(x).((pi(x)) a , a contradiction with the hypothesis 
(G' 2 ). ' 1 □ 

In the following three examples, we can see that neither of the three theorems 
implies the two others. 

Example 3. Let 1 < a < p, ip a comparison function of order a and rj(x) G 
X a . Set F(x,s) = ^-\s\ p + rj(x)tp(x). It is clear that under the condi- 
tion r)(x)(ip(x)) a < 0, Theorem ^ applies but Theorem ^ do not because 
Tp (x) = almost everywhere in ft. If moreover, we suppose \{x G ft; T](x) > 0}| / 
then Theorem || do not apply neither because the property (G3) is not sat- 
isfied. 

Example 4. Set F(x,s) = ^-\s\ p + ?](x)|s| where rj(x) G Y±. We can check 
easily that Theorem |§| applies under the condition (G' 3 ) which is equivalent 
to 



v{x)<Pi{x) < -\(h,<pi)\. 
But the two other theorems do not apply. 
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Example 5. Let a{x) a functional in 6£°(f2) such that a(x) < for all x G 
|{x G fl; a(x) = 0}| 7^ and |{x G 12; a(x) < 0}| / 0. Set for some 
comparison function <p of order a, 1 < a < p 

F(x, s) = + 0(3)) + N p + (^(s)|s| p ) 1/2 . 

Then, (Gi) and (G^) are satisfied, while (G2) and (G3) are not because 
G+ = G~ = G^ = G^ = +00 in the set of positive measure {x G Q; a{x) = 
0}. 

Remark 2. 1) The comparison functions are useless in the autonomous 

case f(x, s) = f{x). Indeed we have 

(La) (d), (G[) imply (G 2 ), (G 2 ) and G% = -00. 

(l.b) (G 2 ), (G' 2 ) imply (G 3 ), (G^) for any h G ^-^(n) and Gf = -co. 
(l.c) The condition 

(4.3) lim = -00 

s— »±oo |s| 

implies (G 3 ), (G' 3 ) for any /i G W- 1 ^^) and Gf = -00. 

2) Always, in the autonomous case, we can check easily that the condi- 
tion ( p.2| ) implies the condition ( |4.3| ). The converse is false. Indeed, for 
f(s) = Xi\s\ p ~ 2 s - /3\s\P~ 2 s where 1 < < p so that = Xi\s\ p /p - 

\s\P and G(s) = —(si' 3 . We have that the function G satisfies ( fO| ) but 
limsup s ^ ±00 p.F(s)/|s| p = Ai. 
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